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Abstract
A new class of non-compact Ka¨hler backgrounds accompanied by a non-
constant dilaton field is constructed as a supergravity solution. It is
interpreted as a complex line bundle over a base manifold comprising
of a combination of arbitrary coset spaces, and also includes the case of
Calabi-Yau manifolds. The resulting backgrounds have U(1) isometry.
We consider N = 2 supersymmetric σ-models on them, and derive a
non-Ka¨hlerian solution by U(1) duality transformation, which preserves
N = 2 supersymmetry.
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1 Introduction
Non-critical string theories with a non-trivial dilaton field have been extensively studied in
order to analyse dynamics of two-dimensional gravity and Liouville theory. The Liouville
theory is equivalent to the linear dilaton system, where the configuration of the dilaton
has rich structures in dynamics of string theories.
For the purpose of generalizing this dilaton system, we construct supergravity back-
grounds interpreted as a complex line bundle over a base manifold comprising of a combi-
nation of arbitrary coset spaces. They have a non-constant dilaton field in general. Our
study includes the discussion in Ref.[1], which solves the Einstein equation to get Ricci
flat Ka¨hler metrics of a complex line bundle over coset spaces.
The backgrounds found here necessarily have U(1) isometry. By considering an N = 2
supersymmetric σ-model on them, we can perform U(1) duality transformation.[2] The
duality symmetry originating from such an isometry can be understood as replacing a
chiral superfield with a twisted chiral superfield by a Legendre transformation. The
duality symmetry also relates backgrounds which have geometrically different properties
but correspond to the same conformal field theory. Therefore, by this transformation, we
can get another σ-model, which is equivalent to the original one as a conformal field theory.
The resulting dual background consists of a metric, a dilaton, and an anti-symmetric
tensor field. As a result it is no longer Ka¨hlerian possessing non-trivial torsion.
This paper is organized as follows: In Section 2, we explain a complex line bundle
over coset spaces, and then derive a non-compact Ka¨hler background with a non-trivial
dilaton as a solution of supergravity. In Section 3, we give several explicit examples
of such backgrounds. In Section 4, we consider the N = 2 supersymmetric σ-model
on the background obtained in Section 2. By performing a duality transformation on
it, we construct a non-Ka¨hlerian background. Section 5 is devoted to summaries and
conclusions.
2 Complex Line Bundle over Coset Spaces
In this section we construct a new class of Ka¨hler metrics with a non-trivial dilaton. We
consider a canonical line bundle L over an arbitrary Ka¨hler coset space M , and couple
the metric GMN to the dilaton Φ. The base manifold M is a direct product of N Ka¨hler
coset spaces Ga/Ha (a = 1, · · · , N)
M = (G1/H1)× (G2/H2)× · · · × (GN/HN) , (2.1)
and we assume the Ka¨hler potential K of L is a function of the G-invariant X defined
by[1]
X = log
(
|σ|2e
∑
N
a=1 haΨa
)
= log |σ|2 + Ψˆ, Ψˆ =
N∑
a=1
haΨa, (2.2)
where Ψa is a Ka¨hler potential corresponding to Ga/Ha, ha is a real positive constant,
and σ is a complex coordinate of a fiber of L.
The technology for finding the Ka¨hler potential for an arbitrary coset space Ga/Ha is
developed in Refs.[3, 4], using the supersymmetric nonlinear realization [5, 6, 7]. Let GCa
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be a complexification of Ga, and Hˆa be some complex group including H
C
a (a complex-
ification of Ha) such that Lie algebra Hˆa of Hˆa is complex isotropy algebra. There is a
homeomorphism Ga/Ha ∼= G
C
a /Hˆa. Complex coordinates ϕ
i parametrize the coset space
GCa /Hˆa, and the representative of the coset is given by
ξa(ϕ) = exp(iϕ · X ), {X} : generators of G
C
a − Hˆa. (2.3)
The Ka¨hler potential of Ga/Ha is represented as
Ψa(ϕ, ϕ¯) =
ka∑
αa=1
vαa log det
ηαa
ξ†a(ϕ¯) ξa(ϕ), (2.4)
where ka is the dimension of torus in Ha, vαa is a real positive constant, and detηαa is the
determinant of the subspace projected by a projection matrix ηαa . This yields the Ka¨hler
metric and the Ricci tensor
g(a)
ij¯
= ∂i∂j¯Ψa, R
(a)
ij¯
= −∂i∂j¯ log det g
(a)
kℓ¯
, (2.5)
where ∂i =
∂
∂ϕi
. With a suitable choice of vα, any Ka¨hler coset space is shown to become
a Ka¨hler-Einstein manifold
R(a)
ij¯
= hag
(a)
ij¯
. (2.6)
Note that ha in Eq.(2.2) is the same as this coefficient. Eqs.(2.5) and (2.6) give the
expression of the determinant with a holomorphic function “hol.”
det g(a)
ij¯
= e−haΨa · |hol.|2. (2.7)
The total space L is parametrized by the coordinates σ, ϕia (a = 1, 2, · · · , N), where
the index i runs through the dimension of each coset space as i = 1, · · · , dimC Ga/Ha,
but we often omit “a” if there is no confusion. The metric GMN of L is given in terms of
the Ka¨hler potential K as Gµν = Gµ¯ν¯ = 0 and
Gµν¯ = ∂µ∂ν¯K =
(
Gσσ¯ Gσj¯
Giσ¯ Gij¯
)
, (2.8)
whose components are represented as
Gσσ¯ = K
′′∂X
∂σ
∂X
∂σ¯
, Gij¯ = K
′′ ∂X
∂ϕi
∂X
∂ϕ¯j¯
+K ′
∂2K
∂ϕi∂ϕ¯j¯
, (2.9)
Giσ¯ = K
′′∂X
∂σ¯
∂X
∂ϕi
, Gσj¯ = K
′′∂X
∂σ
∂X
∂ϕ¯j¯
, (2.10)
where K ′ = dK/dX , and the Ricci-tensor is
Rµν = Rµ¯ν¯ = 0, Rµν¯ = −∂µ∂ν¯ log detGκλ¯. (2.11)
In order that this background provides a consistent string theory, the two-dimensional
σ-model has to be conformal invariant. At one-loop level, conformal invariance requires
the following equations of motion for the background fields GMN and Φ:
Rµν¯ = −2∂µ∂ν¯Φ, (2.12)
Rµν = −2∇µ∇νΦ. (2.13)
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Let us solve these differential equations to obtain the metric and the dilaton under
the ansatz K = K(X), Φ = Φ(X). Eqs. (2.11) and (2.12) imply
detGµν¯ = e
2Φ|hol.|2. (2.14)
From the expression
detGµν¯ = detGσσ¯ · det(Gij¯ −Giσ¯
1
Gσσ¯
Gσj¯)
= e−XK ′′ · (K ′)D · |hol.|2 =
1
D + 1
e−X
d
dX
(K ′)D+1 · |hol.|2, (2.15)
Eq.(2.14) becomes
2Φ = −X + log
[
1
D + 1
d
dX
(K ′)D+1
]
, (2.16)
where we defined
D =
N∑
a=1
dimC Ga/Ha. (2.17)
Also Eqs. (2.11) and (2.13) imply
∇µ∇
ν¯Φ = ∂µ(G
ν¯λ∂λΦ) = 0. (2.18)
From the expressions
Gν¯µ =
(
Gσ¯σ Gσ¯i
Gj¯σ Gj¯i
)
=


|σ|2
K ′′
+ |σ|
2
K ′
∑
a
hag
j¯i
(a)∂j¯Ψa · ∂iΨa −
σ¯
K ′
∑
a
∂j¯Ψa · g
j¯i
(a)
− σ
K ′
∑
a
g j¯i(a) · ∂iΨa
1
K ′
∑
a
h−1a g
j¯i
(a)

 ,
(2.19)
Eq.(2.18) becomes
∂µ(G
σ¯λ∂λΦ) = σ¯∂µ[(K
′′)−1∂XΦ] = 0, (2.20)
so we get the equation
∂X [(K
′′)−1∂XΦ] = 0. (2.21)
With the definition of the variable Y
Y = K ′, (2.22)
this differential equation can be solved to yield the dilaton
2Φ = −aY + b, a, b = const., a ≥ 0. (2.23)
In the case of a = 0, the background with a constant dilaton becomes a Calabi-Yau
manifold due to Ricci flatness and our discussion coincides with Ref.[1]. In the case of
a 6= 0, the background corresponds to the linear dilaton system with respect to Y .
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For a 6= 0 we substitute (2.23) into (2.16) and acquire
eX+b =
∫ Y
0
dY Y DeaY + C, (2.24)
with an integration constant C. By using the formula
∫ y
0
dx xnex = (−1)nn!
[
−1 + ey
n∑
m=0
(−y)m
m!
]
, (2.25)
Eq.(2.24) can be rewritten into
BeX = −A+ eaY
D∑
m=0
(−aY )m
m!
, (2.26)
A = 1− C · (−1)DaD+1 ·
1
D!
, B = eb · (−1)DaD+1 ·
1
D!
. (2.27)
Thus we obtain the metric of the total space L. Using Eqs.(2.22) and (2.24), and setting
σ = e
r
2
+iθ the metric takes the form
ds2 = GMNdx
MdxN = 2Gµν¯dx
µdxν¯
=
a
2f(aY )
dY 2 +
2f(aY )
a
[
Im(dϕi∂iΨˆ) + dθ
]2
+ 2Y
N∑
a=1
hads
2
a, (2.28)
with
ds2a = g
(a)
ij¯
dϕidϕ¯j¯ , (2.29)
f(aY ) = aY ′ = (−1)DD!(aY )−D
[
−Ae−aY +
D∑
m=0
(−aY )m
m!
]
, (2.30)
dθ = Im(d log σ). (2.31)
The scalar curvature of this background metric can be calculated as
R = 2a(1− aY ′) = 2a(1− f(aY )). (2.32)
We can evaluate asymptotic behavior of the function f(aY )
f(aY ) ≈ 1−
D
aY
−A
(−1)DD!
(aY )D
e−aY +O
(
1
(aY )2
)
(aY ≫ 1),
f(aY ) ≈ (−1)DD!
1− A
(aY )D
e−aY +
aY
D + 1
+O
(
(aY )2
)
(aY ≈ 0).
Therefore in the limit of Y → ∞, R approaches 0. At Y = 0, the space is regular for
C = 0 (A = 1), but it has a singularity for C 6= 0 (A 6= 1).
For a = 0, Eq.(2.24) leads to
f(aY )
a
= Y ′ =
1
D + 1
Y + C · Y −D, (2.33)
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and by plugging this into Eq.(2.28) we can get the expression of the metric.
Moreover the central charge deficit δc provided by this background is determined by
the β-function of the dilaton field as
δc = c−
3
2
· 2(D + 1) = 3
[
2(∇Φ)2 −∇2Φ
]
. (2.34)
By inserting the dilaton (2.23) this becomes
δc =
[
af(aY ) + af ′(aY ) +
D
Y
f(aY )
]
= 3a, (2.35)
and we obtain the central charge
c = 3(D + 1 + a). (2.36)
3 Examples
As discussed in the previous section, once we choose the base coset space M , we can
construct the metrics of the complex line bundle over the base manifold; calculating
Im(dϕi∂iΨˆ) and ∂i∂j¯Ψˆ yields background metrics (2.28). In this section, we give some
concrete examples by using Ka¨hler potentials for various coset spaces.
In the following subsections, we consider only the case that the base manifold consists
of a single coset space, since the discussion on the case containing more than one Ka¨hler
coset spaces is straightforward.
3.1 Hermitian Symmetric Spaces
To begin with, let us construct metrics for the complex line bundles over hermitian sym-
metric spaces. For these case, several examples of the Ka¨hler potentials for the base coset
spaces are explicitly derived in Refs.[3, 8], and the G-invariant X is expressed by [1]
X = log |σ|2 + Ψˆ, Ψˆ = hΨ, Ψ = v log det
η
ξ†ξ ≡ v log Ξ, h =
1
2v
2 h˜(G), (3.1)
where h˜(G) is the dual Coxeter number of G, and we normalized the generators of the
fundamental representation as
Tr(TATB) = δAB. (3.2)
We summarize their results in Table.1. From these results we calculate the metrics for
the complex line bundles over the hermitian symmetric spaces.
3.1.1 Projective Space: CPN−1 = SU(N)/[SU(N − 1)× U(1)]
By using Ξ and h˜(G) in Table.1, we can calculate
∂i∂j¯Ψˆ = h∂i∂j¯Ψ = hgij¯ = N
[
1
Ξ
δij −
1
Ξ2
ϕjϕ¯i¯
]
, (3.3)
Im(dϕi∂iΨˆ) = N ·
i
2
1
Ξ
(
dϕ¯i¯ϕi − dϕiϕ¯i¯
)
≡ −NA, (3.4)
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Table 1: Summary of hermitian symmetric spaces G/H .
G/H h˜(G) Ξ dimC G/H
CPN−1 N 1 + |ϕi|2 N − 1
(i = 1, 2, · · · , N − 1)
QN−2 N − 2 1 + |ϕi|2 + 1
4
(ϕi)2(ϕ¯j¯)2 N − 2
(i = 1, 2, · · · , N − 2)
GN,M N det(1M + ϕ
†ϕ) M(N −M)
(ϕAa : A = 1, 2, · · · , N −M, a = 1, 2, · · · ,M)
Sp(N)/U(N) N + 1 det(1N + ϕ
†ϕ) 1
2
N(N + 1)
(ϕab : a, b = 1, · · · , N, ϕab = ϕba, a ≤ b)
SO(2N)/U(N) 2N − 2 det(1N + ϕ
†ϕ) 1
2
N(N − 1)
(ϕab : a, b = 1, · · · , N, ϕab = −ϕba, a < b)
E6/[SO(10)× U(1)] 12 1 + |ϕα|
2 + 1
8
|ϕα(Cσ
†
A)
αβϕβ|
2 16
(α = 1, 2, · · · , 16, A = 1, 2, · · · , 10)
E7/[E6 × U(1)] 18 1 + |ϕ
i|2 + 1
4
|Γijkϕ
jϕk|2 + 1
36
|Γijkϕ
iϕjϕk|2 27
(i = 1, 2, · · · , 27)
and we get the metric
ds2 =
1
2Y ′
dY 2 + 2Y ′ [dθ −NA]2 + 2NY ds2FS, (3.5)
where A is a connection 1-form on CPN−1 and ds2FS is the Fubini-Study metric. After
rescaling Y → Y/N , we obtain
ds2 =
1
2NY ′
dY 2 +
2Y ′
N
[dθ −NA]2 + 2Y ds2FS, Φ = −
a
2N
Y + const. (3.6)
This corresponds to a solution of βGMN = 0 under U(N) isometry found in Refs.[2, 9, 10]
as a generalization of the two-dimensional black hole background [11, 12].
For the other cases in Table 1, we obtain the metrics by calculating ∂i∂j¯Ψˆ and
Im(dϕi∂iΨˆ). The results are collected in the following:
3.1.2 Quadratic Space: QN−2 = SO(N)/[SO(N − 2)× U(1)]
∂i∂j¯Ψˆ = (N − 2)
[
1
Ξ
(δij + ϕ
iϕ¯j¯)−
1
Ξ2
(ϕ¯i¯ +
1
2
ϕi(ϕ¯k¯)2)(ϕj +
1
2
(ϕl)2ϕ¯j¯)
]
, (3.7)
Im(dϕi∂iΨˆ) = (N − 2) ·
i
2
1
Ξ
[
dϕ¯i¯(ϕi +
1
2
(ϕk)2ϕ¯i¯)− dϕi(ϕ¯i¯ +
1
2
ϕi(ϕ¯k¯)2)
]
, (3.8)
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3.1.3 Grassmanian: GN,M = SU(N)/[SU(N −M)× U(M)]
∂2Ψˆ
∂ϕAa∂ϕ∗Bb
= N(1M + ϕ
†ϕ)−1ab
[
1(N−M) − ϕ(1M + ϕ
†ϕ)−1ϕ†
]
BA
, (3.9)
Im
(
dϕAa
∂
∂ϕAa
Ψˆ
)
= N ·
i
2
(1M + ϕϕ
†)−1ab (dϕ
†ϕ− ϕ†dϕ)ba. (3.10)
3.1.4 Sp(N)/U(N) and SO(2N)/U(N)
Setting ǫ = −1 for Sp(N)/U(N), and ǫ = +1 for SO(2N)/U(N),
∂2Ψˆ
∂ϕab∂ϕ
∗
cd
= h˜(G)
(
1−
1
2
δab
)(
1−
1
2
δcd
)[
(1N + ϕ
†ϕ)−1bd {1N − ϕ(1N + ϕ
†ϕ)−1ϕ†}ca
−ǫ(1N + ϕ
†ϕ)−1bc {1N − ϕ(1N + ϕ
†ϕ)−1ϕ†}da + (a↔ b, c↔ d)
]
, (3.11)
Im
(
dϕab
∂Ψˆ
∂ϕab
)
= h˜(G) ·
i
2
(
1−
1
2
δab
)[
dϕ†ba{(ϕ(1N + ϕ
†ϕ)−1)ab − ǫ(ϕ(1N + ϕ
†ϕ)−1)ba}
−dϕab{((1N + ϕ
†ϕ)−1ϕ†)ba − ǫ((1N + ϕ
†ϕ)−1ϕ†)ab}
]
. (3.12)
3.1.5 Exceptional Group: E6/[SO(10)× U(1)]
With ϕα’s chiral superfields belonging to an SO(10) Weyl spinor representation, σA’s
SO(10) γ-matrices in the Weyl spinor basis, and C a charge conjugation matrix [13],
∂α∂β¯Ψˆ = 12
[
1
Ξ
{δαβ +
1
2
(σAC†ϕ¯)β(CσA
†ϕ)α}
−
1
Ξ2
{ϕ¯α¯ +
1
4
(Cσ†Aϕ)
α(ϕ¯σAC†ϕ¯)}{ϕβ +
1
4
(σAC†ϕ¯)β(ϕCσ†Aϕ)}
]
, (3.13)
Im(dϕα∂αΨˆ) = 12 ·
i
2
1
Ξ
[
dϕ¯β¯{ϕβ +
1
4
(ϕCσA
†ϕ)(σAC†ϕ¯)β}
−dϕα{ϕ¯α¯ +
1
4
(ϕ¯σAC†ϕ¯)(Cσ†Aϕ)
α}
]
. (3.14)
3.1.6 Exceptional Group: E7/[E6 × U(1)]
With ϕi’s chiral superfields belonging to the fundamental representation 27 of E6, Γijk
the rank 3 anti-symmetric tensor, and Γijk its complex conjugate [13],
8
∂i∂j¯Ψˆ = 18
[
1
Ξ
{δij + (Γiklϕ
l)(Γjkmϕ¯m¯) +
1
4
(Γiklϕ
kϕl)(Γjmnϕ¯m¯ϕ¯n¯)}
−
1
Ξ2
{ϕ¯i¯ +
1
2
(Γiklϕ
l)(Γkmnϕ¯m¯ϕ¯n¯) +
1
12
(Γiklϕ
kϕl)(Γmnpϕ¯m¯ϕ¯n¯ϕ¯p¯)}
×{ϕj +
1
2
(Γklmϕ
lϕm)(Γjknϕ¯n¯) +
1
12
(Γklmϕ
kϕlϕm)(Γjnpϕ¯n¯ϕ¯p¯)}
]
, (3.15)
Im(dϕi∂iΨˆ) = 18 ·
i
2
1
Ξ
[
dϕ¯i¯{ϕ
i +
1
2
(Γilmϕ¯l¯)(Γmnpϕ
nϕp) +
1
12
(Γilmϕ¯l¯ϕ¯m¯)(Γjnpϕ
jϕnϕp)}
−dϕi{ϕ¯i¯ +
1
2
(Γilmϕ
l)(Γmnpϕ¯n¯ϕ¯p¯) +
1
12
(Γilmϕ
lϕm)(Γjnpϕ¯j¯ϕ¯n¯ϕ¯p¯)}
]
. (3.16)
3.2 Non-Symmetric Spaces
Next we consider SU(l+m+ n)/S[U(l)×U(m)×U(n)] derived in Ref.[3], as a example
of non-symmetric spaces. It is known that there exists two kinds of complex structures
on this coset space[14, 15]. For simplicity, we explicitly construct the metric for the case
of l = m = n = 1. In this case the two structures lead to the same model and the Ka¨hler
potential is expressed with the complex coordinates ϕA, ϕB, ϕC as[1]
Ψˆ = hΨ, Ψ = v1 log Ξ1 + v2 log Ξ2, h =
2
v1
=
2
v2
, (3.17)
Ξ1 = 1 + |ϕ
C|2 + |ϕB +
1
2
ϕAϕC|2, Ξ2 = 1 + |ϕ
A|2 + |ϕB −
1
2
ϕAϕC|2. (3.18)
We can compute the metric in the same way as above
∂i∂j¯Ψˆ = 2
[
1
Ξ12
F (ϕA, ϕB, ϕC, ϕ¯A¯, ϕ¯B¯, ϕ¯C¯) +
1
Ξ22
F (ϕC,−ϕB, ϕA, ϕ¯C¯,−ϕ¯B¯, ϕ¯A¯)
]
, (3.19)
Im(dϕi∂iΨˆ) = 2 ·
i
2
[
1
Ξ1
G(ϕA, ϕB, ϕC, ϕ¯A¯, ϕ¯B¯, ϕ¯C¯) +
1
Ξ2
G(ϕC,−ϕB, ϕA, ϕ¯C¯,−ϕ¯B¯, ϕ¯A¯)
]
,
(3.20)
where i = A,B,C and
F (ϕA, ϕB, ϕC, ϕ¯A¯, ϕ¯B¯, ϕ¯C¯)
=

 dϕ¯A¯dϕ¯B¯
dϕ¯C¯


T 
 14 |ϕC|2(1 + |ϕC|2) 12 ϕ¯C¯(1 + |ϕC|2) 14ϕAϕ¯C¯ − 12ϕB(ϕ¯C¯)21
2
ϕC(1 + |ϕC|2) 1 + |ϕC|2 1
2
ϕA − ϕBϕ¯C¯
1
4
ϕ¯A¯ϕC − 1
2
ϕ¯B¯(ϕC)2 1
2
ϕ¯A¯ − ϕ¯B¯ϕC 1 + 1
4
|ϕA|2 + |ϕB|2



 dϕAdϕB
dϕC

 ,
(3.21)
G(ϕA, ϕB, ϕC, ϕ¯A¯, ϕ¯B¯, ϕ¯C¯)
= dϕ¯C¯ϕC + d(ϕ¯B¯ +
1
2
ϕ¯A¯ϕ¯C¯)(ϕB +
1
2
ϕAϕC)− dϕCϕ¯C¯ − d(ϕB +
1
2
ϕAϕC)(ϕ¯B¯ +
1
2
ϕ¯A¯ϕ¯C¯).
(3.22)
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If l, m, n take other values, we can also obtain an explicit formula for the metric by the
similar procedure.
4 U(1) Duality Transformation
The Ka¨hlerian backgrounds we have found are solutions of the equations of motion. Since
they have a U(1) isometry, i.e. their metric GMN does not depend on θ explicitly, we
can construct their dual spaces by replacing one chiral superfield with a twisted chiral
superfield[2]. The dual space in general contains non-trivial torsion and the resulting
metric is no longer Ka¨hlerian. In this section, we construct the dual of the solution with
a non-trivial dilaton obtained in Section 2.
In our case the N = 2 superspace action is determined by the following Ka¨hler poten-
tial
K = K(Z + Z¯,Φi, Φ¯j¯), (4.1)
where Z and Φi are chiral superfields whose lowest components are z =
r
2
+ iθ = log σ
and ϕi respectively. In order to get the dual potential K˜, we perform the Legendre
transformation as follows:
K˜(Ψ + Ψ¯,Φi, Φ¯j¯) = K(Z + Z¯,Φi, Φ¯j¯)− (Z + Z¯)(Ψ + Ψ¯), (4.2)
∂K
∂R
= Ψ+ Ψ¯, R = Z + Z¯, (4.3)
with a twisted chiral superfield Ψ containing its lowest component ψ. Now the independent
variables are substituted with ψ, ψ¯, ϕi, ϕ¯j¯. The metric and anti-symmetric tensor are
obtained by writing down the bosonic part of the superspace action [16],
G˜µν¯ =


−K˜ψψ¯
−K˜ψψ¯
K˜ij¯
K˜ij¯

 , Bµν¯ =


K˜ψj¯
K˜iψ¯
−K˜iψ¯
−K˜ψj¯

 , (4.4)
whose components are given by
K˜ψψ¯ =
∂2K˜
∂ψ∂ψ¯
= −
∂X
∂ψ
= −
a
f(aY )
, K˜ij¯ =
∂2K˜
∂ϕi∂ϕ¯j¯
= (ψ + ψ¯) · ∂i∂j¯Ψˆ, (4.5)
K˜ψj¯ =
∂2K˜
∂ψ∂ϕ¯j¯
= ∂j¯Ψˆ, K˜iψ¯ =
∂2K˜
∂ψ¯∂ϕi
= ∂iΨˆ. (4.6)
In the above calculation, we used the relation derived from (2.22) and (4.3)
Y = ψ + ψ¯, (4.7)
and the expression of the derivative obtained from (2.26)
∂X
∂ψ
=
a
f(aY )
. (4.8)
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Therefore we get the dual metric
ds˜2 =
2a
f(aY )
dψdψ¯ + 2Y ∂i∂j¯Ψˆ dϕ
idϕ¯j¯. (4.9)
The dual dilaton is discussed in Ref.[17] to yield
Φ˜ = Φ−
1
2
log (2Krr) , (4.10)
where r is the lowest component of R = Z + Z¯, and this turns out to be
Φ˜ = −
1
2
log
[
eaY
f(aY )
a
]
+ const. (4.11)
The dual dilaton Φ˜ depends on Y nonlinearly and gives nontrivial backgrounds. We
can calculate the field strength HLMN = ∂LBMN + ∂MBNL + ∂NBLM and its non-zero
components are represented by Ψˆ
Hψij¯ = −∂i∂j¯Ψˆ, Hψ¯ij¯ = ∂i∂j¯Ψˆ. (4.12)
These are collected into the 3-form H
H =
1
6
HLMN dx
L ∧ dxM ∧ dxN = −2 d(Imψ) ∧
N∑
a=1
haJa, (4.13)
where Ja is the Ka¨hler form of the coset Ga/Ha:
Ja = ig
(a)
ij¯
dϕi ∧ dϕ¯j¯ . (4.14)
One can easily check G˜MN , Φ˜, and HLMN derived here satisfy the background field equa-
tions βG˜MN = 0 and β
B
MN = 0. The central charge in this dual model is evaluated from β
Φ˜
as
δc˜ = c˜−
3
2
· 2(D + 1) = 3
[
2(∇Φ˜)2 −∇2Φ˜−
1
12
HLMNH
LMN
]
= 3
[
af(aY ) + af ′(aY ) +
D
Y
f(aY )
]
= 3a. (4.15)
This result is equal to (2.35) completely, and consistent with the fact that the duality
transformation preserves the conformal invariance of the theory.
The scalar curvature has a complicated form as
R˜ = 2
[
a
(
f ′′(aY )−
f ′(aY )2
f(aY )
)
+
3D
2a
f(aY )
Y 2
−
D2
a
f(aY )
Y 2
+
D
Y
]
= 2
[
a
(
1−
1
f(aY )
)
+
2D
Y
+
5D
2a
f(aY )
Y 2
−
D2
a
f(aY )
Y 2
]
. (4.16)
Let us discuss the dependence on Y of the dilaton Φ˜ and the curvature R˜. The Y is
limited to the region where the string coupling constant g = exp Φ˜ > 0. For C > 0 (A > 1
11
Table 2: Dependence on Y of Φ˜ and R˜. The “∗” means diverging to +∞ or −∞ i.e.
curvature singularity.
C > 0
Y 0 · · · ∞
f(aY ) +∞ · · · 1
Φ˜ −∞ −∞
R˜ ∗ 0
C = 0
Y 0 · · · ∞
f(aY ) 0 · · · 1
Φ˜ +∞ −∞
R˜ ∗ 0
C < 0
Y Y0 · · · ∞
f(aY ) 0 · · · 1
Φ˜ +∞ −∞
R˜ ∗ 0
for odd D, A < 1 for even D) and C = 0 (A = 1), f(aY ) > 0 in Y > 0, and so Y ’s range
is 0 < Y < ∞. For C < 0 (A < 1 for odd D, A > 1 for even D ), there exists a unique
Y0 > 0 satisfying f(aY0) = 0, and f(aY ) monotonically increases in Y > Y0. Hence we
consider Y0 < Y < ∞. In Table.2, we explain how f(aY ), Φ˜, and R˜ vary depending on
Y . The space has one singular point and becomes flat as Y →∞ in each case.
Here we comment on the case of a = 0. Substituting (2.33) into (4.9) and (4.11), we
obtain the expression of the dual metric and dilaton. The dual dilaton is no longer a
constant. The curvature is also calculated from (4.16) and its dependence on Y can be
discussed as above.
5 Conclusions
We derived non-compact Ka¨hler backgrounds as a solution of the Einstein equation. The
backgrounds are interpreted as a complex line bundle over a base manifold comprising of a
combination of arbitrary coset spaces. They have a non-constant dilaton field in general,
and come to be Calabi-Yau manifolds when a parameter vanishes. If the base coset space
is designated, we can give an explicit formula of the total space metric.
Furthermore, we obtained a non-Ka¨hlerian solution by performing the duality trans-
formation with respect to the U(1) isometry. The dual background is equivalent to the
original one as a conformal field theory, but has a different form as an N = 2 supersym-
metric σ-model.
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